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STATIONARY DISCS GLUED TO A LEVI NON-DEGENERATE
HYPERSURFACE
LE´A BLANC-CENTI
Abstract. We obtain an explicit parametrization of stationary discs glued to
some Levi non-degenerate hypersurfaces. These discs form a family which is
invariant under the action of biholomorphisms. We use this parametrization to
construct a local circular representation of these hypersurfaces. As a corollary,
we get the uniqueness of biholomorphisms with given 1-jet at some convenient
point.
A central problem in complex analysis consists in classifying the domains in Cn
under the action of biholomorphisms. If n = 1, the Riemann mapping theorem
states that every simply connected domain of C, which is not all of C, is biholo-
morphic to the unit disc. We know since the work of H. Poincare´ [10] that this
theorem has no immediate generalization in the case n ≥ 2. Indeed, the rigidity
of the holomorphy condition in the multidimensional situation makes biholomor-
phic equivalence very rare. This leads us to seek biholomorphic invariants of the
boundary of a domain. S.S. Chern and J.K. Moser [3] have associated to any Levi
non-degenerate real hypersurface a simple equation and proposed a purely geometric
construction of classifying invariants. Stationary discs are another natural invari-
ant of manifolds with boundary with respect to biholomorphisms, or more generally
with respect to CR maps.
We recall that a holomorphic disc in Cn is a holomorphic map from the unit disc
∆ in C to M , continuous up to the boundary. L. Lempert [8] showed that some
of these discs have interesting extremality properties with respect to the Kobayashi
metric. Indeed, in a strongly convex domain in Cn, the geodesics for this metric
are exactly the stationary discs. Using this particular family of discs, L. Lempert
constructed a homeomorphism between any strongly convex domain and the unit
ball, which is an analogue of the Riemann map. More generally, the parametrization
of M by the stationary discs yields to a (local) representation of M as a circular
submanifold. In higher codimension, A. Sukhov et A. Tumanov [11] obtained, using
the same method, a new invariant of small perturbations of the product of spheres
S3 × S3, canonically diffeomorphic to the conormal bundle. The map constructed
commutes with biholomorphisms, and is a partial analogue of the circular represen-
tation given by L. Lempert.
The aim of this paper is to give some explicit parametrization of the stationary
discs glued to small deformations of the hyperquadric Q defined by
0 = r(z) = ℜz0 −
t′z¯A ′z,
where A denotes a n-sized non-degenerate hermitian matrix. More precisely:
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Theorem 1. Pick p = (p0, 0, . . . , 0) /∈ Q and let h0 be a stationary disc glued to
Q and centered at p. Then, for any ρ near r with respect to the C3-topology, the
set of all non-constant stationary discs glued to the hypersurface {ρ = 0} forms a
(4n+ 3)-parameter family near h0.
If we only consider the discs h centered at p, the maps h 7→ h(1) and h 7→ h′(0)
are local diffeomorphisms on their images.
Note that Theorem 1 shows that a hypersurface “near” Q is represented in a
neighborhood of p in a circular way by its Kobayashi indicatrix {h′(0)}. The idea
of the proof (see [2, 11, 6]) consists in using a criterion of J. Globevnik [7]: given
a submanifold E and a disc f glued to E, and under the condition that the partial
indices of E along f are non-negative, the holomorphic discs near f glued to a
submanifold near E form a κ-parameter family, where κ is the Maslov index. In
our case, the main difficulty is to check that partial indices are non-negative, and
to compute κ.
Using the biholomorphic invariance property of stationary discs, we get as a
corollary that a biholomorphism fixing p in a neighbourhood of small deformations
of Q is (locally) uniquely determined by its differential at p.
This paper is organized as follows. We begin with some definitions in the first
section. The second section is devoted to the proof of Theorem 1. We then apply
this result to the study of biholomorphisms in the third section (Theorem 4). In
the Appendices, we prove two quite technical lemmas, used in Section 2.
1. Preliminaries
LetM be a real hypersurface in Cn and ρ be some defining function ofM (that is,
M = {ρ = 0} and dρ does not vanish onM). A holomorphic disc h is a holomorphic
function from the unit disc ∆ in C to Cn, continuous up to the boundary. We say
that h is glued to M if h(∂∆) ⊂M .
We recall the construction of the conormal bundle N∗M of M . Its fibre at some
point p ∈M is the set of all (1, 0)-forms on TCn whose real part vanishes identically
on the tangent space TpM :
N∗pM = {φ ∈ T
∗
pC
n/ ℜφ|TpM = 0}.
Notice that N∗pM is a (real) line generated by ∂pρ. We will need the
Proposition 1. [12] A real hypersurface M in Cn is Levi non-degenerate if and
only if its conormal bundle N∗M is totally real out of the zero section.
Definition 1. A holomorphic disc h glued to M is stationary if there exists a
meromorphic lift (h, h∗) of h to the cotangent bundle T ∗Cn, with at most one pole
of order 1 at 0, such that
∀ζ ∈ ∂∆, h∗(ζ) ∈ N∗h(ζ)M \ {0}.
Remark 1. In coordinates, Definition 1 is equivalent to the existence of some con-
tinuous function c : ∂∆→ R∗ such that h∗(ζ) = c(ζ)∂ρh(ζ) on ∂∆ and ζh
∗ extends
holomorphically to ∆. This notion is preserved under the action of biholomor-
phisms.
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Definition 1 is in fact slightly different from the one given by L. Lempert, since we
assume that the boundary of the lift does not meet the zero section of the conormal
bundle. In [8], even if this condition is not assumed in the definition, it is necessarily
satisfied because of the strong convexity of the domain.
Notice that, in light of Proposition 1, the regularity results known for holomor-
phic discs glued to a totally real submanifold [4] apply to the map (h, h∗). Hence
the lift is as regular to the boundary as N∗M . For this reason, following [11], we
will call in the sequel (h, h∗) (or h∗, with a minor abuse of notation) a regular lift
of h.
A very simple computation shows that stationary discs glued to the unit sphere
and centered at 0 are exactly the linear discs. This result is also valid for general
circular strongly convex domains. Indeed, for circular domains, the linear discs are
stationary, and conversely for circular strongly convex domains, all stationary discs
through 0 are linear by Lempert’s uniqueness result. This provides two parametriza-
tions of such discs, via the maps h 7→ h(1) and h 7→ h′(0). In the next section, we
obtain the same parametrizations only supposing the non-degeneracy of M .
2. Proof of Theorem 1
Consider the hyperquadric Q ⊂ Cn+1 defined on an open set Ω ∋ 0 by
0 = r(z) = Rez0 −
n∑
i,j=1
ai,j z¯izj ,
where the hermitian matrix A = (ai,j)i,j is non-degenerate.
2.1. Stationary discs glued to Q. We first determine explicitely stationary discs
glued to the hyperquadric.
Proposition 2. Stationary discs glued to Q are exactly under the form
h(ζ) =
(
tv¯Av + 2 tv¯Aw
ζ
1− aζ
+
tw¯Aw
1− |a|2
1 + aζ
1− aζ
+ iy0, v + w
ζ
1− aζ
)
where v, w ∈ Cn, y0 ∈ R, a ∈ ∆.
Moreover h∗ is a regular lift of h if and only if there exists b ∈ R∗ such that
∀ζ ∈ ∆ \ {0}, h∗(ζ) =
b
ζ
(
−a¯
1 + |a|2
+ ζ −
a
1 + |a|2
ζ2
)
× (1/2,− thα(ζ)A).
Remark 2. If the disc h is centered at some point p = (p0, 0, . . . , 0), we obtain
h(ζ) =
(
tw¯Aw
1− |a|2
1 + aζ
1− aζ
+ iy0, w
ζ
1− aζ
)
.
Proof. Necessary condition
Suppose that h has some regular lift h∗, and pick c as in Remark 1:
(1) ∀ζ ∈ ∂∆, h∗(ζ) = c(ζ)×
∂r
∂z
◦ h(ζ) = c(ζ)× (1/2,− thα(ζ) · A).
Thus, there exists some holomorphic function ϕ on ∆, continuous up to ∂∆ and
such that for all ζ ∈ ∂∆, c(ζ) = ϕ(ζ)/ζ ∈ R∗. Expanding ϕ|∂∆ into Fourier series,
we obtain that ϕ(ζ) = a+ bζ + a¯ζ2 for some a, b ∈ C, and
(2) ∀ζ ∈ ∂∆, c(ζ) = aζ¯ + b+ a¯ζ.
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• First case: a = 0 (and hence b 6= 0).
That is, for all ζ ∈ ∂∆, h∗(ζ) = b(1/2,− thα(ζ) ·A). By hypothesis, h∗ has at most
one pole of order 1 at 0, hence ζh¯α is holomorphic in ∆. Then there exist v, w ∈ Cn
such that hα(ζ) = v + ζw. Since h is glued to Q, we get by means of an expansion
into Fourier series that h0 is affine, and uniquely defined up to the addition of some
purely imaginary constant.
• Second case: a 6= 0.
Let us denote by a1 and a2 the zeroes of 0 = a + bζ + a¯ζ
2. Since h∗ does not
vanish on ∂∆, the moduli of a1 and a2 are different from 1, and |a1a2| = |a/a¯| = 1:
assume for example that 0 < |a1| < 1 < |a2|. Writing hα(ζ) =
∑+∞
k=0Hkζ
k in
L2(∂∆), we get that the map ζh∗ extends holomorphically in ∆ if and only if
ζ 7→ (a+ bζ + a¯ζ2)hα(ζ) extends holomorphically in ∆, that is,
(3) ∀k ≥ 1, aH¯k + bH¯k+1 + a¯H¯k+2 = 0.
Hence there exist V,W ∈ Cn, depending only on H1 and H2, such that for all k ≥ 1,
Hk = a¯
k−1
1 V + a¯
k−1
2 W . In fact, it is easy to prove that W = 0, by using the fact
that the radius of convergence of each series
∑
(vj a¯
k−1
1 + wj a¯
k−1
2 )ζ
k is larger than
1. Hence H0 = hα(0), H1 = h
′
α(0) and
(4) hα(ζ) = H0 + ζH1
+∞∑
k=0
(a¯1ζ)
k.
Since a1 and a2 are not of modulus 1, we get b 6= 0. By multiplying h∗ by
1/b, we can assume b = 1. The other regular lifts will be obtained by multi-
plication by some non-zero constant. We search to express a in terms of a1. If
1− 4|a|2 ≤ 0, one gets |a1| = |a2|, which is impossible. Consequently, 1− 4|a|2 > 0
and a1 =
−1 +
√
1− 4|a|2
2a¯
. Setting a = |a|eiθ, we obtain Arg(a) = Arg(a1) − pi
and |a| = |a1|1+|a1|2 . Finally, a =
−a1
1 + |a1|2
.
Sufficient condition
Conversely, suppose that h is given as in (4) (with |a1| < 1) and h0 is uniquely
determined (up to the addition of some imaginary constant) in order to glue h
to Q. If a1 = 0, hα is affine, and the expressions (1) and (2) show that h is
stationary and give its regular lifts. So let us assume that 0 < |a1| < 1, and define
c(ζ) = − a11+|a1|2 ζ¯ + 1 −
a¯1
1+|a1|2
ζ. Then h∗ given by (1) is the only regular lift of h
up to multiplicative non-zero constant. 
Proposition 3. The map Φ : (y0, v, w, a) 7→ h is a smooth diffeomorphism from
R×Cn × (Cn \ {0})×∆ to the set of all non-constant stationary discs glued to Q.
Its inverse is given by
Φ−1 : h 7→ (ℑh0(0), hα(0), h
′
α(0), [θh(1)− iθh(i)])(5)
where θh(ζ) =
||h′α(0)||
2
4
(
1
||hα(−ζ)− hα(0)||2
−
1
||hα(ζ) − hα(0)||2
)
.
Proof. By construction, the map Φ is onto and smooth with respect to the topology
induced by Cα(∂∆)n+1. Moreover, if h = Φ(y0, v, w, a), then y0 = ℑh0(0) and for
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all ζ ∈ ∆, hα(ζ) = v + w
[
ζ
∑+∞
k=0(aζ)
k
]
. The uniqueness of the development in
power series shows that Φ is injective.
Let us notice that if h = Φ(y0, v, w, a), then for all ζ ∈ ∂∆,
||h′α(0)||
2
||hα(ζ)− hα(0)||2
=
∣∣∣∣1− aζζ
∣∣∣∣
2
= 1− 2ℜ(ζa) + |a|2,
which gives Φ−1. In order to get the smoothness of Φ−1, it suffices to verify that
the linear maps h 7→ hα(0) and h 7→ h′α(0) are continuous on C
α(∆¯) ∩H(∆). But
this comes from Cauchy inequalities.
It remains to prove that Φ is a submersion. As the image of dΦ is of finite
dimension at any point, it suffices to prove that dΦ(y0,v,w,a) is injective for all
(y0, v, w, a) ∈ R × Cn × (Cn \ {0})×∆. Let (y′0, v
′, w′, a′) ∈ R × Cn × Cn × C be
such that dΦ(y0,v,w,a)(y
′
0, v
′, w′, a′) = 0. Writing the partial differentials, we get:
0 = dy0Φ(y0,v,w,a)y
′
0 + dvΦ(y0,v,w,a)v
′ + dwΦ(y0,v,w,a)w
′ + daΦ(y0,v,w,a)a
′.
The n last components of this equality give
∀ζ ∈ ∆¯, v′ + w′
ζ
1− aζ
+ w
ζ2
(1− aζ)2
a′ = 0.
Hence v′ = w′ = 0 and wa′ = 0, which implies a′ = 0. If we replace in the first
component, we obtain y′0 = 0, which concludes the proof. 
Remark 3. The set of all non-constant stationary discs glued to Q and centered at
p is either empty, or a submanifold of (real) dimension 2n+ 1.
Corollary 1. Pick p ∈ Cn+1. The set Mp of all non-constant stationary discs
glued to the hyperquadric Q = {r = 0} and centered at p is non-empty if and only
if one of the following conditions holds:
* A is positive definite and r(p) < 0;
* A is negative definite and r(p) > 0;
* A has two eigenvalues of different signs.
If so, the map Mp ∋ h 7→ h(1) ∈ Q is a local diffeomorphism if and only if p /∈ Q.
Proof. Let h be a stationary disc glued to Q:
h(ζ) =
(
tv¯Av + 2 tv¯Aw
ζ
1− aζ
+
tw¯Aw
1− |a|2
1 + aζ
1− aζ
+ iy0, v + w
ζ
1− aζ
)
where y0 ∈ R, v, w ∈ Cn, a ∈ ∆. In particular,
h(0) =
(
tv¯Av +
tw¯Aw
1− |a|2
+ iy0, v
)
∈ Q⇔ tw¯Aw = 0.(6)
Consequently, the setMp is non-empty if and only if there exists w ∈ Cn \{0} such
that tw¯Aw = ℜp0 − tp¯αApα. This gives the three cases.
Set x0 = ℜp0 − tp¯αApα. According to the previous proposition, it suffices to
consider the map{
(y0, v, w, a) ∈ R×C
n×(Cn\{0})×∆/ v = pα, y0 = ℑp0,
tw¯Aw
1− |a|2
= x0
}
ψ
→ R×Cn
defined by
ψ(v, w, a, y0)=(ℑh0(1), hα(1))=
(
2ℑ
[
tp¯αAw
1− a
]
+ 2x0
tw¯Aw
1− |a|2
+ ℑp0, pα +
w
1− a
)
.
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Its differential at some point (y0, v, w, a) is defined on the tangent space{
(0, 0, w′, a′) ∈ R× Cn × Cn × C× /
tw¯′Aw + tw¯Aw′
1− |a|2
+ x0
a¯a′ + aa¯′
1− |a|2
= 0
}
by
dψ(y0,v,w,a)(0, 0, w
′, a′)
=
(
2ℑ
[
tp¯αAw
′
1−a +
tp¯αAw
(1−a)2 a
′ + x0(1−a)2 a
′
]
, w
′
1−a +
wa′
(1−a)2
)
.
Since Mp is non-empty, it is a submanifold of (real) dimension 2n+ 1, and hence
dψ(y0,v,w,a) is an isomorphism on R× C
n if and only if it is injective. Moreover,
dψ(y0,v,w,a)(0, 0, w
′, a′) = 0 ⇔


tw¯′Aw+ tw¯Aw′
1−|a|2 + x0
a¯a′+aa¯′
1−|a|2 = 0
ℑ
[
tp¯αAw
′
1−a +
tp¯αAw
(1−a)2a′ +
x0
(1−a)2 a
′
]
= 0
w′
1−a +
w
(1−a)2 a
′ = 0
⇔


w′ = − a
′
1−aw
(− a¯
′
1−a¯ −
a′
1−a )
tw¯Aw
1−|a|2 + x0
a¯a′+aa¯′
1−|a|2 = 0
ℑ( x0(1−a)2 a
′) = 0
⇔


w′ = − a
′
1−aw
x0
[
− a¯
′
1−a¯ −
a′
1−a +
a¯a′+aa¯′
1−|a|2
]
= 0
x0ℑ
a′
(1−a)2 = 0
.
In particular, if x0 = 0 (that is, if p ∈ Q), dψ(v,w,a,y0) is not injective. If x0 6= 0, we
can replace in the third row a¯′ by (1−a¯)
2
(1−a)2 . Then a
′ = 0 and w′ = 0, which concludes
the proof. 
2.2. Stationary discs glued to a small perturbation of Q.
2.2.1. Discs glued to a small perturbation of P(N∗Q). The method consists in using
a theorem of J. Globevnik [7]: given a submanifold E and a disc f glued to E, and
under the conditions that some integers depending on E and f are non-negative,
the holomorphic discs near f glued to a submanifold near E form a κ-parameter
family, where κ is the Maslov index of E along f . Since every stationary disc h0
glued to a hypersurface Q has a holomorphic lift hˆ0 glued to the projectivization
P(N∗Q) of the conormal bundle of Q, we are going to apply the previous criterion
to E = P(N∗Q) and hˆ0. Let us precise Globevnik’s statement.
Let f : ∂∆ → CN be the restriction to ∂∆ of a holomorphic disc, and assume
that f is of class Cα and B ⊂ R2N is an open ball centered at 0. We suppose that
there exist some functions r1, . . . , rN in C2(B) such that dr1 ∧ . . . ∧ drN does not
vanish on B, and
M = {ω ∈ f(ζ) + B/ ∀1 ≤ j ≤ N, rj(ω) = 0}
verifies f(ζ) ∈M for all ζ ∈ ∂∆. We also assume T (ζ) = Tf(ζ)M to be totally real
for all ζ ∈ ∂∆.
Pick ζ ∈ ∂∆, and denote by G(ζ) the invertible matrix
(
∂ri
∂z¯j
(f(ζ))
)
i,j
. For any
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matrix A(ζ) whose columns generate T (ζ), each row of G(ζ) is orthogonal to each
column of A(ζ):
ℜ(G(ζ)A(ζ) = 0⇐⇒ G(ζ)A(ζ) = −G(ζ)A(ζ) =⇒ A(ζ)A(ζ)
−1
= −G(ζ)
−1
G(ζ).
Set B(ζ) = A(ζ)A(ζ)
−1
for all ζ ∈ ∂∆. The matrix B does not depend on A.
Moreover, one can find a Birkhoff factorization of B [1], that is some continuous
matrix functions B+ : ∆¯→ GLN (C) and B− : (C∪{∞})\∆→ GLN (C) such that
∀ζ ∈ ∂∆, B(ζ) = B+(ζ)Λ(ζ)B−(ζ)
where B+ and B− are holomorphic, and Λ(ζ) = diag(ζκ1 , . . . , ζκN ). The integers
κ1 ≥ . . . ≥ κN do not depend on this factorization. They are called the partial
indices of B (see [13, 5] for more details). We call the partial indices of M along f
the integers κ1 ≥ . . . ≥ κN . Notice that they only depend on the bundle {T (ζ)/ ζ ∈
∂∆}. The Maslov index, or total index, of M along f is κ =
∑N
1 κj .
We only recall a slightly simpler version than the general result obtained by J.
Globevnik.
Theorem 2. [7] We assume that the previous conditions hold. For every ρ =
(ρ1, . . . , ρN ) ∈ C2(B)N in a neighborhood of r = (r1, . . . , rN ), we set
Mρ = {ω ∈ f(ζ) + B/ ∀1 ≤ j ≤ N, ρj(ω) = 0}.
Assume that the partial indices of M =Mr along f are non-negative, and denote by
κ the Maslov index of M along f . Then, there exist some open neighborhoods V of r
in C2(B)N , U of 0 in Rκ+N , W of f in Cα
C
(∂∆)N , and a map F : V ×U → Cα
C
(∂∆)N
of class C1 such that
• F(r, 0) = f ;
• for all (ρ, t) ∈ V × U , the map ζ 7→ F(ρ, t)(ζ) − f(ζ) is the boundary of a
holomorphic disc glued to Mρ;
• there exists η > 0 such that ∀ρ ∈ V, ∀t1, t2 ∈ U, ||F(ρ, t1) − F(ρ, t2)|| ≥
η|t1 − t2|, in particular F(ρ, t1) 6= F(ρ, t2) for t1 6= t2;
• if f˙ ∈ W is the boundary of a holomorphic disc glued to Mρ, then there
exists t ∈ U such that f˙ = F(ρ, t).
When the partial indices are only supposed to be larger than -1, the result has
been extended by Y.-G. Oh [9].
Let h be a non-constant stationary disc centered at p = (p0, 0, . . . , 0) /∈ Q and
glued toQ. According to (6), w = h′α(0) 6= 0, which allows us to assume (
tw¯A)n 6= 0.
We denote by P(N∗Q) the projectivization with respect to the n − th coordinate.
Let h∗ be a regular lift of h, and
hˆ∗ =
(
h∗0
h∗n
, . . . ,
h∗n−1
h∗n
)
be its projectivization. Then f = (h, hˆ∗)|∂∆ is the boundary of a disc glued to
P(N∗Q), and
(7)
f(ζ)=
(
twAw
1− |a|2
1 + aζ
1− aζ
+ iy0,
ζw1
1− aζ
, . . . ,
ζwn
1− aζ
,
a¯− ζ
2( tw¯A)n
,
( tw¯A)1
( tw¯A)n
, . . . ,
( tw¯A)n−1
( tw¯A)n
)
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in view of Remark 2. In particular, f is of class C∞ up to the boundary, and does
not depend on the choice of the regular lift h∗.
We want to apply the theorem of Globevnik toM = P(N∗Q) along the holomor-
phic disc f . Note that T (ζ) = Tf(ζ)(P(N
∗Q)) is totally real in view of Proposition
1. The difficulty is to compute the partial indices and the Maslov index of P(N∗Q)
along f . For the convenience of the reader, we prove the two following lemmas in
the Appendices.
Lemma 1. The partial indices of P(N∗Q) along f are non-negative.
Lemma 2. The Maslov index κ =
∑2n
j=0 κj of P(N
∗Q) along f is equal to 2n+ 2.
Hence we get:
Proposition 4. Theorem 2 applies to our situation, and gives that the set of the
discs we consider forms a real [(2n+ 1) + κ]-parameter family.
2.2.2. Discs glued to a small perturbation of Q. Proposition 4 shows that the set
of all holomorphic discs near f = (h, hˆ∗), glued to a small perturbation of P(N∗Q)
forms a manifold of (real) dimension 4n + 3. This gives us the description of the
set of all holomorphic discs near h glued to a small perturbation of Q by means of
the following lemma:
Lemma 3. (see [8, 11]) Given t sufficiently small and ρ near r with respect to the
C3-topology, F(ρ, t) is the projectivization of a regular lift of some stationary disc.
Proof. We denote by s the parameter (ρ − r, t). Then, the disc F(ρ, t) is written
in coordinates (hs0, . . . , h
s
n, H
s
0 , . . . , H
s
n−1). The holomorphic disc h
s is glued to
M s = pi(Ms), where Ms = {ρ = 0} and pi is the canonical projection on the n+ 1
first coordinates. Hence M s = {ρ0 = 0} and we may set
φs : ∂∆ ∋ ζ 7→ ζ
∂ρ0
∂zn
(hs(ζ)).
For s = 0, we obtain the initial disc f and for all ζ ∈ ∂∆, φ0(ζ) = −1
1−a¯ζ¯
( tw¯A)n.
Note that the function ∂∆ ∋ ζ 7→ −11−a¯ζ takes its values in the half-plane {ℜ(z) < 0}.
Thus, for every sufficiently small s, the function φs also takes its values in some
open half-plane which does not contains 0. This allows us to define
ψs : ζ 7→ log(φs(ζ)) =
∫
[z0;φs(ζ)]
dz
z
.
The function ψs is of class Cα. Set Us = −T (ℑψs) and λs = exp (Us−ℜψs), where
T is the Hilbert transform. The function λs is positive valued, and we have on ∂∆:
log (λsφs) = (Us −ℜψs) + (ℜψs + iℑψs)
which extends holomorphically to ∆ in some function always denoted by Us+iℑψs.
Hence, exp (Us+iℑψs) is a holomorphic extension of λsφs A˜ ∆ that does not vanish
in ∆¯. For all 0 ≤ j ≤ n− 1,
λs × ζ
∂ρ0
∂zj
◦ hs =
(
λs × ζ
∂ρ0
∂zn
◦ hs
)
×Hsj
is a product of functions which extend holomorphically to ∆. The function defined
by h∗ s := λs ∂ρ∂z ◦h
s is thus a regular lift of hs. Hence, (hs, Hs) is the projectivization
of (hs, h∗ s). Moreover, ζh∗ sn does not vanish in ∆¯. 
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This proves that the map (h, h∗) 7→ (h, hˆ∗) is onto. For any stationary disc h
glued to M , and h∗ (1), h∗ (2) two regular lifts of h:
∀ζ ∈ ∂∆, ∃λ(ζ) ∈ R∗/ h∗ (2)(ζ) = λ(ζ)h∗ (1)(ζ).
Since ζh
∗ (j)
n is holomorphic and does not vanish in ∆¯ by hypothesis, the function
ζh∗ (2)n
ζh
∗ (1)
n
= λ extends holomorphically to ∆: hence λ is a real non-zero constant. Then
the stationary disc h has an only regular lift up to multiplication by a real non-
zero constant, and two regular lifts have the same image under (h, h∗) 7→ (h, hˆ∗).
Consequently, the map h 7→ (h, hˆ∗) is a one-to-one correspondence. Finally, we get
that the set of all the stationary discs near h0 glued to a small deformation of Q
form a manifold of (real) dimension 4n+ 3. More precisely, we have proved:
Theorem 3. Let B ⊂ R2n be an open ball in a neighborhood of 0, A an n-sized
non-degenerate hermitian matrix, and Q = {0 = r(z) = ℜz0 − tz¯αAzα}. Let h0
be a stationary disc glued to Q such that h0(0) = (p0, 0, . . . , 0) /∈ Q. Then there
exist some open neighborhoods V of r in C3(B,R), U of 0 in R4n+3, W of h0 in
Cα
C
(∂∆)n+1, and a map H : V × U → Cα
C
(∂∆)n+1 of class C1 such that:
• H(r, 0) = h0;
• for all (ρ, t) ∈ V × U , H(ρ, t) is the boundary of a stationary disc glued to
M , where M = {ρ = 0};
• if t1 6= t2, H(ρ, t1) 6= H(ρ, t2);
• if h˙ ∈ W is the boundary of a stationary disc glued to M = {ρ = 0}, with
ρ ∈ V , then there exists t ∈ U such that h˙ = H(ρ, t).
Note that, by Corollary 1, there exists a non-constant stationary disc h0 glued
to Q and such that h0(0) = (p0, 0, . . . , 0) if and only if the following condition holds:
Condition ∗ The point p = (p0, 0, . . . , 0) verifies p /∈ Q. Moreover, ℜp0 > 0 (resp.
ℜp0 < 0) if A is positive definite (resp. negative definite).
Corollary 2. For ρ near r with respect to the C3-topology, the map Φ−1 defined in
(5) is always a local C1-diffeomorphism from R × Cn × (Cn \ {0}) × ∆ to the set
Mρ of all non-constant stationary discs glued to M = {ρ = 0}.
Proof. We use the notations of Theorem 3 and Proposition 3. For all ρ ∈ V , we
define the map
Θρ : U → R× Cn × (Cn \ {0})×∆
t 7→ (y(ρ,t)0 , v
(ρ,t), w(ρ,t), a(ρ,t))
where y
(ρ,t)
0 , v
(ρ,t), w(ρ,t), a(ρ,t) are the parameters defining the disc H(ρ, t). We can
assume that any disc h = H(ρ, t) verifies ( t¯h′α(0)A)n 6= 0. The map Θρ is of class C
1.
Moreover, the map µ : (ρ, t) 7→ d(Θρ)t is continuous from V ×U to the Banach space
Lc(R4n+3) of continuous linear maps. Since µ(r, 0) is invertible, we can assume that
the differential of Θρ is invertible at any point. This gives the conclusion by means
of the inverse function theorem. 
2.3. Discs centered at p. We can now give two parametrizations of the discs
centered at some fixed point and glued to a small perturbation of Q. We begin with
studying discs glued to Q.
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Proposition 5. Pick p = (p0, 0, . . . , 0) verifying Condition ∗. Then the map that
associates to any non-constant stationary disc h, glued to Q and centered at p, the
point h(1) (resp. the vector h′(0)), is a local diffeomorphism on its image.
Proof. The map h 7→ h(1) has been studied yet in Corollary 1. For h 7→ h′(0),
according to Proposition 3 and Remark 2, it suffices to consider the map
Ψ : (Cn \ {0})×∆ ∋ (w, a) 7→
(
2a
tw¯Aw
1− |a|2
, w
)
.
If Ψ(w, a) = Ψ(w˙, a˙), then w = w˙ and
a
1− |a|2
=
a˙
1− |a˙|2
⇔
{
|a|
1−|a|2 =
|a˙|
1−|a˙|2
Arg a = Arg a˙
⇔
{
|a| = |a˙|
Arg a = Arg a˙.
Hence Ψ is injective and induces a homeomorphism on its image. Moreover,
dΨ(w,a)(w
′, a′) =
(
2a
tw¯′Aw+ tw¯Aw′
1−|a|2 + 2
tw¯Aw
(1−|a|2)2 (a
′ + a2a¯′)
w′ + 0
)
,
thus dΨ is injective at every point. 
By means of arguments similar to those of the proof of Corollary 2, one gets
Theorem 1.
Remark 4. More precisely, the map h 7→ (ℑh0(1), hα(1)) is a local diffeomorphism
on R× Cn.
3. Uniqueness property
Let M be a small perturbation of the hyperquadric Q. As soon as z ∈ Q is met
by some stationary disc, Theorem 1 provides, in a neighbourhood of z, a foliation
of M by the boundaries of stationary discs. The following lemma determines such
points z:
Lemma 4. Assume that the conditions of Theorem 1 hold. We denote by δρ the
map defined on M(ρ)p by δρ(h) = h(1).
Then the image of the map δr is exactly {z ∈ Q/ ℜz0ℜp0 > 0}. In particular, if A
is positive definite or negative definite, then every z ∈ Q\{0} may be written under
the form z = h(1) for some h ∈M(r)p .
Proof. Let h be a stationary disc glued to Q and centered at p=
(
tw¯Aw
1−|a|2 + iy0, 0
)
.
Thus, for z ∈ Q:
z=h(1)=
(
tw¯Aw
1− |a|2
1 + a
1− a
+ iy0, w
1
1 − a
)
⇔
{
w = (1 − a)zα
z0 6= −ℜp0 + iℑp0 and a =
z0−p0
z0+p¯0
.
It admits a solution if and only if z0 6= −p¯0 and∣∣∣∣z0 − p0z0 + p¯0
∣∣∣∣ < 1⇔ (ℜz0 −ℜp0)2 + (ℑz0 −ℑp0)2(ℜz0 + ℜp0)2 + (ℑz0 −ℑp0)2 < 1⇔ ℜz0ℜp0 > 0,
which concludes the proof. 
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q
q
q
q
q
h(1)
M
p
q
z
q
F◦h(1)
M ′
F (p)
✲
F
❄
h(1)
↓
h′(0)
−
❄
h(1)
↓
h′(0)
−
✲
dFp
✫✪
✬✩
I(M)
✫✪
✬✩
I(M ′)
Figure 1.
In view of Remark 4, this proves that every point of M near such a point z ∈ Q
has a neighbourhood which is foliated by the boundaries of stationary discs.
Theorem 1 allows us to construct a local analogue of the Kobayashi indicatrix,
considering the real hypersurface I(M) = {h′(0)/ h ∈ M(ρ)p } (we always assume
that the conditions of the theorem hold).
The diffeomorphism h′(0) 7→ h(1) is well-defined, and Figure 1 shows that it
commutes with the biholomorphisms in the following sense. Of course the statement
will be local. If p = (p0, 0) /∈ Q and F (p) = (p′0, 0) /∈ Q
′ verify Condition ∗, the
following diagram commutes:
F : (Ω,M) −→ (Ω′,M ′)
h(1) 7→ F ◦ h(1)
l 	 l
h′(0) −→
dFp
dFp(h
′(0)).
Hence F is uniquely determined by its differential at p. Let us summarize:
Theorem 4. Let M and M ′ be two real hypersurfaces of Cn+1 given respectively
by
0 = ℜz0 −
∑
i,j≥1
ai,j z¯izj +O(||(ℑz0, zα)||
3)
and
0 = ℜz0 −
∑
i,j≥1
a′i,j z¯izj +O(||(ℑz0, zα)||
3),
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where A = (ai,j) and A
′ = (a′i,j) are non-degenerate hermitian matrices. We denote
by Q and Q′ the hyperquadrics associated to A and A′.
Let F : Ω→ Ω′ be a biholomorphism such that F (M) ⊂M ′. We assume that there
exists p = (p0, 0) /∈ Q such that F (p) = (p′0, 0) /∈ Q
′ and p, F (p) verify Condition
∗. Finally, pick z ∈M such that ℜz0ℜp0 > 0.
IfM andM ′ are sufficiently near Q and Q′, then F is determined in a neighborhood
of z by its differential at p.
The neighborhood of the equations of Q and Q′ is understood in the C3-sense,
and depends on p and z. The hypotheses on F just assure that Theorem 1 applies
to the source and target spaces.
Appendix A. Proof of Lemma 1
Here we use the notations of Section 2.2.1. We begin with determining the
equations of P(N∗Q). Since the fibers of N∗Q are generated by ∂r, a point (z, t) ∈
Cn+1 × Cn is in P(N∗Q) if and only if
0 = r(z)
0 =
∂r
∂zn
(z)tj −
∂r
∂zj
(z) for all j = 0, . . . , n− 1 .
By separating the real and imaginary parts, we obtain 2n + 1 equations r0 =
. . . = r2n = 0 (with r0 = r), and the matrix G(ζ) =
(
∂ri
∂z¯j
(f(ζ))
)
i,j
becomes


1/2 −L1zα . . . −Lnzα 0 0 . . .
0 −A¯n,1t1 + A¯1,1 . . . −A¯n,nt1 + A¯1,n 0 −Lnzα
...
...
...
...
. . .
0 −A¯n,1tn−1 + A¯n−1,1 . . . −A¯n,ntn−1 + A¯n−1,n 0 −Lnzα
0 −A¯n,1t0 . . . −A¯n,nt0 −Lnzα 0 . . . 0
0 i(−A¯n,1t1 + A¯1,1) . . . i(−A¯n,nt1 + A¯1,n) 0 iLnzα
...
...
...
...
. . .
0 i(−A¯n,1tn−1 + A¯n−1,1) . . . i(−A¯n,ntn−1 + A¯n−1,n) 0 iLnzα
0 −iA¯n,1t0 . . . −iA¯n,nt0 iLnzα 0 . . . 0


where Lj denotes the j − th row of the matrix A. Let us notice that


(−A¯n,1t1 + A¯1,1) . . . (−A¯n,nt1 + A¯1,n)
...
...
(−A¯n,1tn−1 + A¯n−1,1) . . . (−A¯n,ntn−1 + A¯n−1,n)
−A¯n,1t0 . . . −A¯n,nt0

=


1 −t1
. . .
...
1 −tn−1
0 . . . 0 −t0

×A¯.
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The right multiplication by the constant matrix

 1 0 00 A¯−1 0
0 0 In

 does not change
the partial indices, and gives us the matrix
(8)


1/2 −z1 . . . −zn−1 −zn 0 . . . 0
0 1 −t1 0 −Lnzα
...
. . .
...
...
. . .
0 1 −tn−1 0 −Lnzα
0 0 . . . 0 −t0 −Lnzα 0 . . . 0
0 i −it1 0 iLnzα
...
. . .
...
...
. . .
0 i −itn−1 0 iLnzα
0 0 . . . 0 −it0 iLnzα 0 . . . 0


.
Replacing f = (h, hˆ∗) by its expression, one gets, in view of (7), zα = hα(ζ) =
ζ
1−aζw, t0 = −
ζ−a¯
2( tw¯A)n
and for all 1 ≤ j ≤ n− 1, tj =
( tw¯A)j
( tw¯A)n
. Hence
Lnzα =
(
A×
ζ
1− aζ
w
)
n
=
ζ
1− aζ
(Aw)n =
ζ
1− aζ
t(Aw)n =
ζ
1− aζ
( twA¯)n.
We number the columns of the matrix (8) from 0 to 2n. By multiplying C0 by 2
and Cn+1, . . . , C2n by 1/(
twA¯)n, and then permuting the rows, we obtain:

1 −z1 −z2 . . . −zn−1 −zn 0 0 . . . . . . 0
0 0 0 . . . 0 −t0 −ξ 0 . . . . . . 0
0 0 0 . . . 0 −it0 iξ 0 . . . . . . 0
0 1 0 . . . 0 −t1 0 −ξ . . . . . . 0
0 i 0 . . . 0 −it1 0 iξ . . . . . . 0
. . .
...
...
...
. . .
(0)
. . . 1 −tn−1 0
. . . −ξ
i −itn−1 0 (0) iξ


,
where ξ = ζ1−aζ . Since each tj , 1 ≤ j ≤ n − 1 is constant, the operations C1 :=
Cn+
∑n−1
j=1 tjCj C2 := Cn+1 and C2j+1 = Cj , C2j+2 = Cn+j if j ≥ 1 do not change
the partial indices and give


1 (−zn −
∑n−1
j=1 tjzj) 0 −z1 0 . . . −zn−1 0
0 −t0 −ξ
0 −it0 iξ
1 −ξ (0)
i iξ
. . .
(0) 1 −ξ
i iξ


.(9)
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Along f , one has
n∑
j=1
∂r
∂zj
(f(ζ))× fj(ζ) = −
t¯hα(ζ)Ahα(ζ) = −ℜ(h0(ζ)) and
−zn −
n1∑
j=1
tjzj = −
(
∂r
∂zn
zn +
∑n−1
j=1
∂r
∂zj
zj
)
∂r
∂zn
=
ℜ(h0(ζ))
∂r
∂zn
= 2t0ℜ(h0(ζ)).
The (3× 3)-sized upper left block in the matrix (9) is thus equal to
 1 2t0ℜz0 00 −t0 −ξ
0 −it0 iξ

 ,
where ξ = ζ1−aζ and t0 is under the form γζ(1− a¯ζ¯) with γ some non-zero constant.
The right multiplication by

 1 0 00 1
γ(1−a¯ζ¯)
0
0 0 I2n−1

 allows us to consider, in place
of the matrix (9), the matrix
G′(ζ)=


1 ζ|1−aζ|2 × 2
tw¯Aw 0 −ζ1−aζw1 0 . . .
−ζ
1−aζwn−1 0
0 −ζ −ζ1−aζ
0 −iζ i ζ1−aζ
1 −ζ1−aζ (0)
i i ζ1−aζ
. . .
(0) 1 −ζ1−aζ
i i ζ1−aζ


.
We write G′(ζ) =
(
α β
0 γ
)
, where the entries are α ∈M3(C), β ∈ M3,2n−2(C)
and γ ∈M2n−2(C). Then
G′(ζ)−1G′(ζ)=
(
α¯−1α α¯−1(β − β¯γ¯−1γ)
0 γ¯−1γ
)
=


1 ζ|1−aζ|2 2
tw¯Aw −ζ|1−aζ|2(1−aζ)2
twA¯w¯ −ζ1−aζw1
−1
|1−aζ|2 w¯1 . . .
0 0 ζ
2
1−aζ (0)
0 ζ2(1− a¯ζ¯) 0
0 −ζ1−aζ
−ζ(1− a¯ζ¯) 0
(0)
. . .


.
Let us number the rows and the columns of this matrix from 0 to 2n, and multiply
C1 by (1 − a¯ζ¯) and L1 by (1 − aζ). We also multiply Cj by −1/(1 − a¯ζ¯) and Lj
by −(1− aζ) for all j odd and larger than 3. Hence, we get Q−1G′(ζ)−1G′(ζ)Q(ζ),
where Q is the (2n+ 1)-sized diagonal matrix
Q = diag
(
1,
1
1− a¯ζ¯
, 1,
−1
1− a¯ζ¯
, 1, . . . ,
−1
1− a¯ζ¯
, 1
)
.
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Thus the partial indices of P(N∗Q) along f are those of the matrixB(ζ) = (G′(ζ)Q(ζ))
−1
(G′(ζ)Q(ζ)),
that is:
(10)
B(ζ)=


1 ζ
|1−aζ|2(1−a¯ζ¯)
2 tw¯Aw −ζ|1−aζ|2(1−aζ)2
twA¯w¯ ζw1|1−aζ|2
−w¯1
|1−aζ|2 . . .
0 0 ζ2
0 ζ2 0 (0)
0 ζ
ζ 0
(0)
. . .


.
We use the following lemma:
Lemma 5. ([7], Lemma 5.1) Let G′′ : ∂∆→ GL2n+1(C) of class Cα (0 < α < 1),
and denote by κ0 ≥ . . . ≥ κ2n the partial indices of the function ζ 7→ G′′(ζ)G′′(ζ)
−1
.
Then there exists some function θ : ∆¯ → GLn(C) of class Cα, holomorphic on ∆,
such that
∀ζ ∈ ∂∆, G′′(ζ)G′′(ζ)
−1
= θ(ζ)


ζκ0 (0)
. . .
(0) ζκ2n

 θ(ζ)−1.
Applying this result to the matrix G′′ = (G′Q)
−1
, we get some function P from ∆¯
to GL2n+1(C), holomorphic on ∆, such that
∀ζ ∈ ∂∆, P (ζ)B(ζ) =


ζκ0 (0)
. . .
(0) ζκ2n

P (ζ).
In particular, if we denote by l = (l0, . . . , l2n) the last row of P , we get that for all
ζ ∈ ∂∆,
l(ζ)B(ζ) = ζκ2n l(ζ)
⇐⇒ (S)


l0 = ζ
κ2n l¯0
l0 ×
2 tw¯Awζ
|1−aζ|2(1−a¯ζ¯)
+ l2ζ
2 = ζκ2n l¯1
l0 ×
−2 twAw¯ζ
|1−aζ|2(1−aζ) + l1ζ
2 = ζκ2n l¯2
∀1 ≤ j ≤ n− 1,
{
l0 ×
ζwj
|1−aζ|2 + ζl2j+2 = ζ
κ2n l¯2j+1
l0 ×
−w¯j
|1−aζ|2 + ζl2j+1 = ζ
κ2n l¯2j+2.
If l0 is not identically zero, the first row of this system implies κ2n ≥ 0 since l0
is holomorphic and l¯0 is anti-holomorphic.
If l0 ≡ 0, there exists some j ≥ 1 such that the function lj does not vanish
identically. The system (S) becomes

l2ζ
2 = ζκ2n l¯1 and l1ζ
2 = ζκ2n l¯2
ζl4 = ζ
κ2n l¯3 and ζl3 = ζ
κ2n l¯4
...
ζl2n = ζ
κ2n l¯2n−1 and ζl2n−1 = ζ
κ2n l¯2n.
Consequently, reasoning for lj as previously, we obtain κ0 ≥ . . . ≥ κ2n ≥ 0.
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Appendix B. Proof of Lemma 2
Lemma 6. Assume that the determinant detB is of class C1 on ∂∆. Then the
Maslov index κ of B is given by
κ = InddetB(∂∆)(0) =
1
2pii
∫
∂∆
(detB)′(ζ)
detB(ζ)
dζ.
Proof. Assume that the partial indices come from the following factorization:
∀θ, B(eiθ) = B+(eiθ)


eiκ0θ (0)
. . .
(0) eiκ2nθ

B−(eiθ)
where B+ extends holomorphically to ∆ in some invertible matrix, and B− ex-
tends anti-holomorphically to ∆ in some invertible matrix (that is, there exists B˜−
holomorphic on ∆ such that B−(ζ) = B˜−(1/ζ) for all ζ ∈ Cˆ \∆).
Pick 0 < r < 1 and set b+r (θ) = det(B
+(reiθ)), b−r (θ) = det(B˜
−(reiθ)) =
det(B˜−(re−iθ)) and βr(θ) = b
+
r (θ)r
κeiκθb−r (θ). The path γr = βr([0; 2pi]) does
not meet 0, which allows us to define the index
2pii Indγr(0) =
∫
γr
dζ
ζ
=
∫ 2pi
0
b+r
′
(θ)
b+r (θ)
dθ +
∫ 2pi
0
iκdθ +
∫ 2pi
0
b−r
′
(θ)
b−r (θ)
dθ.
The index
∫ 2pi
0
b+r
′
(θ)
b+r (θ)
dθ is equal to the number of zeroes minus the number of poles
of the holomorphic function det(B+) in r∆¯, that is, 0. We also get
∫ 2pi
0
b−r
′
(θ)
b−r (θ)
dθ = 0,
thus Indγr (0) = κ for all 0 < r < 1. The two closed paths γ1/2 and γ1 have the
same index since they are homotopic, thus:
κ = Indγ1/2(0) = Indγ1(0) =
1
2pii
∫ 2pi
0
β′1(θ)
β1(θ)
dθ,
which concludes the proof. 
Let us apply this statement to the matrix B(ζ) introduced in (10):
detB(ζ) = 1×
0 ζ2
ζ2 0
×
O ζ
ζ 0
n−1
= (−1)nζ2n+2,
which defines a C1-map on ∂∆. As a corollary, we obtain Lemma 2.
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